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Sequential importance sampling

1. The following exercise is an illustration of the weight degeneracy for the sequential importance sampling
(SIS) algorithm. For simplicity, we consider the (admittedly artificial) case where we sample, using SIS, from
a sequence (f,,),>0 of densities

f;’l(xO:i’l) = Hf(xk), X0:n € Rn+1a
k=0

where
z(x)

f(x):Ta XGR,

is a density that is known up to the normalizing constant ¢ only. For this purpose, we use the proposal density
( ) = g(nt1) R
In\Xpn4-1 | X0:n) = gXnt1)y,  X0:n € >

where the density ¢ on R is such that g(x) = 0 = f(x) = 0 and Eg(QZ(X)) < 00, with p(x) = z(x)/g(x).
The algorithm is initialized with gy = g.

(a) Describe, using a pseudo-code, how the SIS algorithm updates a particle sample (X, ,, )Y approxi-
mating f;, to another sample (Xj,, |, &, )| approximating f,in this case.

(b) Let ¢ be a bounded objective function on R and consider the estimator
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of T = Ef(¢(X,) = Er(¢(X)). (This is of course a rather convoluted and very inefficient way of
constructing an estimate of T but still constitutes a valid instance of the SIS approach in a very particular

case.) Establish the CLT
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where

E(0*(X)" E(e*(X){oX) — 1}?)
() = 20+1) ‘

(c) Show, using Jensen’s inequality!, that 62(¢) tends to infinity geometrically fast with 7 as soon as g is
different from f* on a set with positive probability.

2. Recall that the coefficient of variation of a set of importance weights (/)Y is given by
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CVy = EjN]y—Q.
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Check that the value of CVy is /N — 1 in the case of maximally skew importance weights, i.e., when all

weights are zero but a single one.

'Recall that Jensen’s inequality states that if X is a random variable and ¢ is a convex function, then @(E(X)) < E(¢(X)). If ¢ is strictly
convex, the inequality is strict unless X is a constant with probability one.



